Abstract-Recently, the use of the heatlike equation was extended to the projective case in order to find a projective analysis of curves and images; unfortunately, this formulation leads to a fifth-order partial differential equation (PDE) that is not easy to implement. Thanks to the use of a three-dimensional (3-D) homogeneous representation of a picture, we present here an alternative. Roughly speaking, it is a kind of decomposition of the heatlike formulation with well-posed second-order PDE's. The number of parameters goes from one to three (the scale parameter and two direction parameters). Moreover, this study allows us to propose a simplified multiscale analysis, which is given by an unique PDE (one parameter), for the subgroup of the projective transformations associated, up to a nonzero scalar factor, to an orthogonal 3 2 3 matrix.
I. INTRODUCTION
A multiscale analysis may be understood as a family of operators which, applied to the original image , yields a sequence of images , where is considered as a version of at scale . One wants a multiscale analysis to be a smoothing process and to be invariant under viewing transformations. By invariance under viewing transformations, we mean the following.
Let be a group of transformations of the plane (a subgroup of the projective group), then, for every picture , every transformation and every point of the plane where and is the picture defined by
Recently, multiscale analysis invariant under affine transformations has been introduced by Alvarez et al. [1] and Sapiro and Tannenbaum [9] . This analysis is given by the affine-heat-equation
In the same way, Bruckstein and Shaked [2] , Olver et al. [8] , and Faugeras and Keriven [7] have proposed the use of the heat-equation-like formulation for the projective analysis. But, for the projective case, this leads to a fifth-order partial differential equation (PDE), difficult to implement. Moreover, Manuscript received July 24, 1996; revised March 17, 1997. The associate editor coordinating the review of this manuscript and approving it for publication was Dr. Guillermo Sapiro.
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the evolution of an image under this flow is not yet well understood. Our approach here is quite different and, in order to reduce the order of differentiations, we replace the single flow by a family of second order flows with "good" properties of commutativity.
This can be made by taking into account the nature of projective transformations, which can be divided in two parts: the "affine" and the "rotational" components (Proposition 2.1).
The existence and the unicity under reasonable assumptions of our projective analysis is proved in Theorem 2.2.
Moreover, our approach allows us to find a multiscale analysis invariant under the subgroup of the projective group made of the projective transformations associated, up to a nonzero scalar factor, to a 3 3 orthogonal matrix (Theorem 3.1). This analysis is given, as in the affine case, by an unique flow and may be used when the movement of the camera is a spatial rotation.
To conclude, we analyze, in Part 4, the link between our approach and the heatlike formulation.
II. CONSTRUCTION OF THE PROJECTIVE ANALYSIS
Let the set of the affine planes tangent to the sphere where is one of the 3 3 matrices associated to an affine application of the plane . In this decomposition, the direction of is unique.
Proof: Let us choose one of the two such that with . Let be an orthonormal basis of and be an orthonormal basis of . We define the rotation by
Then if
, we see that and so, is one of the 3 3 matrices associated with an affine transformation of .
Let us remark that in order to perform a projective transformation of a two-dimensional (2-D) image , it is reasonable to associate to its three-dimensional (3-D) homogeneous representation Now, by asking that a projective analysis must be a 3-D analysis which preserves the homogeneity of , and such that its restriction to the 2-D images obtained by considering the restriction of to the planes must be invariant under affine transformations, we prove the theorem (2.2). But, by definition , so the evolution law for with parameter is given by (2.4).
III. SIMPLIFIED ANALYSIS
It is often suitable to have multiscale analysis adapted to subgroups of the projective group. For example, if we know that the projective transformation of an image is due to a spatial rotation of the camera, we can simplify our projective analysis and replace the family of flows by a unique flow as in the case of affine invariance. We prove , where is the Cartan's scale factor;
is the projective tangent and is the projective normal.
Thus, let us denote the 2-D image obtained by cutting by the affine plane with direction and distant of from the origins. Then we construct the evolution law for by asking that it preserves the homogeneity of and that the 2-D image evolves according the affine smoothing. Just as in the previous sections, this evolution induces an evolution law for which is
Because of the properties of the Cartan's frame of , it is easy to prove that the multiscale analysis defined by (4.1) is projective invariant. Moreover, the curve version of (4.1) is where is the Euclidean curvature of at and, this equation is geometrically equivalent to the heat-like formulation studied in [2] , [6] - [8] .
where is the projective arc length.
Remark: As is the case of the Euclidean and affine evolution, (4.1) may be obtained in a very simple way by taking where and the corresponding tangent to the level curve of at . Indeed, let us denote , , the Euclidean, affine, and plane-projective tangent. We have where is the Euclidean curvature of at . From [6] So, the plane-projective tangent may be defined as Moreover, we know that Therefore, let us write the Taylor's expansion of at , as (4.2) and, if we choose the exponent in a suitable way, we obtain, by replacing, in (4.2), by its value, the Euclidean, affine, and projective heat-formulation analysis.
V. NUMERICAL EXPERIMENTATIONS
To implement the projective analysis, we have to consider a family of second-order equations where . We can first remark that is enough to restrict the choice of and suppose and small enough. This means that the projective transformations that we consider are not too far from affine transformations.
Here we present an experimentation where we know a priori a line , invariant under the projective transformations we consider.
Let be a projective transformation with matrix is a projective orthogonal transformation that leaves invariant the line with where is such that . In the numerical application we will take and . Let us remark that must be chosen small enough so as not to perturbate too much the given image and so is near to an affine application. Consider now the evolution equation
If we denote , we can verify in the two middle images of Fig. 1 the commutativity of the smoothing process with the adapted projective transformation that is The bottom images of Fig. 1 illustrate the noncommutativity with projective transformations of the affine smoothing.
